ABSTRACT. Let R be a commutative ring, and let S be a commutative semigroup. We study a semigroup version of Karpilovsky's Problem [K, chapter 7, problem 9] concerning the unit group of a group ring. We give a preciser decomposition theorem for the unit group of a semigroup ring. This is a continuation of our [M3]. Thus a submonoid S of a torsion-free abelian (additive) group is called a grading monoid (or a g-monoid). Throughout the paper we assume that S is non-zero. We consider the semigroup ring R[X;S] of S over a commutative ring R. We denote the unit group of S by H=H(S). We denote the nilradical of R by N=N(R), and let U=U(R) be the unit group
(1) H has a torsion-free complement in V(R[X;S]). (2) H has a free complement in V(R[X;S]). (3) U(R[X;S]) is free modulo torsion.
In Section 1 of this note, we review results in [M1, Section 1] , [M2, Section 6] and [M3] . In Sectin 2, we give a preciser decomposition theorem for the unit group U(R[X;S]). Also we give some reductions for Problem. E-system of R. There exists a maximal (by inclusion) E-system of R by Zorn's Lemma.
Let E be a fixed maximal E-system of R. We set Then W(R[X;S]) is a subgroup of V(R[X;S]). In [M1] we proved the following 
R/M=R'. For each maximal E-system E' of R', we may define W(R'[X;S]) .
A group with only one element is also called free.
Theorem 2(A reduction of Problem (3) to Problem (2)). The following conditions are equivalent:
(1) U(R[X;S]) is free modulo torsion. In [M3] we proved the following Theorems 3, 4 and 5. then W(R[X;S]) is not finitely generated.
(2) U(R[X;S]) is a finitely generated free abelian group modulo torsion, if and only if U(R) is a finitely generated free abelian group modulo torsion, H is a finitely generated free abelian group, N=M, and either R is indecomposable or H=0.
Theorem 5(An answer to Problem for reduced rings). Let R be reduced. Then , Proof. Let U be the unit group of R, and T be the set of torsion elements in U. Let U' be the unit group of R'=R/M, and T' be the set of torsion elements
